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Type III radio bursts are radio emissions associated with solar flares. They are consid-
ered to be caused by electron beams in the solar corona. Magnetic reconnection is a
possible accelerator of electron beams in the course of solar flares which causes unstable
distribution functions, and density inhomogeneities. The properties of radio emission by
electron beams in such environment are, however, still poorly understood. We capture the
non-linear kinetic plasma processes of radio emissions in such plasmas by utilizing fully-
kinetic Particle-In-Cell (PIC) code numerical simulations. Our model takes into account
initial velocity distribution functions as they are supposed to be created by magnetic
reconnection. These velocity distribution functions allow two distinct mechanisms of
radio wave emissions: plasma emissions due to plasma-wave interactions and so called
electron cyclotron maser emissions (ECME) due to wave-particle interactions. Our most
important finding is that the number of harmonics of Langmuir waves increases with
the density inhomogeneities. The harmonics are generated by the interaction of beam-
generated Langmuir waves and their harmonics. In addition, we also find evidence
for transverse harmonic electromagnetic wave emissions due to a coalescence of beam-
generated and fundamental Langmuir waves with a vanishing wavevector. We investigate
the effects of density inhomogeneities on the conversion process of the free energy of
the electron beams to electrostatic and electromagnetic waves and the frequency shift of
electron resonances caused by perpendicular gradients in the beam velocity distribution
function. Our findings explain the observation of Langmuir waves and their harmonics
in solar radio bursts and of the observed frequency shifts in these emissions.
1. Introduction
Solar flares are the most energetic phenomena observed in the Sun. They are thought
to be powered by the release of magnetic energy by magnetic reconnection, during which
magnetic energy converts to other forms of energy like that of accelerated electrons
(Treumann & Baumjohann 2013). Energized electron beams can emit electromagnetic
waves in a wide range of wavelengths, e.g., while electron beams precipitating to the
solar chromosphere cause X-ray emissions those which escape towards the interplanetary
space emit radio waves along their way (Reid & Ratcliffe 2014; Melrose 2017). Among
these electromagnetic waves are most probably non-thermal and coherent radio emissions
whose brightness temperature can exceed the equivalent thermal (blackbody) radiation
temperature by orders of magnitude, and these emissions are caused by collective plasma
processes in contrast to the incoherent emissions of electrons that radiate independently
of each other. Solar radio emissions are inherently linked to plasma processes in the
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regions where solar flares take place, and thus they can be used as diagnostic tools to
understand the mechanism of flare eruptions, in particular for the well observed so-called
type III solar radio bursts (SRBs) associated with instabilities of electron beams (see,
e.g., Thejappa & MacDowall 2015, and references therein). Therefore a plausible energy
source for solar flare related radio emissions is the electron beams accelerated by magnetic
reconnection releasing magnetic energy in the course of solar flares, in particular they are
closely associated with kinetic plasma micro-instabilities releasing the free energy built
up in the particle (i.e. electron) velocity distribution functions (Benz 2002).
Type III SRBs are characterized by their spectral structure of the occurrence of
fundamental and harmonic wave modes. Radio observations reveal that solar flares emit
radio waves not only at the local plasma frequency ωpe at the source region, but also at
their first and even higher harmonic wave modes nωpe, n = 2, 3, . . . (Smerd 1976; Reiner
et al. 1992). This implies that they might be associated with wave-wave interaction (see,
e.g., Reid & Ratcliffe 2014; Melrose 2017, and references therein). Indeed, a most widely
accepted mechanism of SRBs is the plasma emission mechanism, which relies on wave-
wave coupling of plasma waves induced by electron beam instabilities (e.g., see Ginzburg
& Zheleznyakov 1958; Melrose 1970a,b). The electron beams firstly generate Langmuir
waves via a (streaming) instability due to a positive gradient in the electron velocity
distribution function parallel to the magnetic field direction: v‖·∂f/∂v‖ > 0. The resulting
Langmuir (L) wave intensities usually exceed the level of thermal excitations by orders of
magnitude. In the course of a multistage process these beam-generated Langmuir waves
can interact with ion-sound (S) waves, another normal wave mode of the plasma, and
electromagnetic waves (T ) could be generated by their interaction according to (e.g.,
see Ginzburg & Zheleznyakov 1958; Melrose 1970a,b). These electromagnetic waves can
finally escape the plasma and be observed remotely, provided their frequency is larger
than the (cutoff) local plasma frequency ωpe.
Waves generated by plasma emission mechanism do not depend on the strength of
the magnetic field in the source region of the radiation. Some features of type III SRBs,
e.g., O mode polarized waves, depend on the strength of the coronal magnetic field in
the source region of the emission. In fact, magnetic fields allow the generation of waves
due to the interaction of waves with the cyclotron motion of particles, in particular
of electrons. Based on the wave-particle interaction, an alternative cyclotron-resonance
related mechanism named electron cyclotron maser emission (ECME) is proposed (see,
e.g., Twiss 1958; Wu & Lee 1979; Treumann 2006, and references therein). The cyclotron
resonance condition is given by ω − kv‖ = nΩce/γ, where Ωce is the electron cyclotron
frequency and γ the relativistic Lorentz factor. Such resonances are possible in the solar
corona despite of the coronal conditions in which the electrons are only mildly relativistic.
For ECME a positive gradient in the velocity distribution function is needed in the
direction perpendicular to the magnetic field ∂f/∂v⊥ > 0, e.g., in loss-cone (Benáček &
Karlický 2018), ring (Pritchett 1984a; Lee et al. 2011), horseshoe (Bingham & Cairns
2000; Melrose & Wheatland 2016), cup-like (Büchner & Kuska 1996) or shell shaped
distribution functions. The corresponding “inverted” population in the velocity space
led to the early authors call this cyclotron-resonance related mechanism a “maser”
mechanism. The characteristic frequency of ECME is at Ωce, such waves as well as
ones at cyclotron harmonic frequencies (nΩce, n > 1) were observed remotely. The
condition for waves to escape a plasma is that their frequency must exceed the local
plasma frequency, i.e. Ωce > ωpe. This frequency ordering is actually the opposite of the
one typical in the corona, which requires a sufficiently low plasma density (ωpe ∝ √ne,
with ne the electron plasma density) in regions of strong magnetic fields (Ωce ∝ B,
with B the background magnetic field strength). However, this condition can be met
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in density cavities (i.e. regions of locally depleted plasma) in the solar corona, e.g.,
regions associated with hard-X ray bursts during solar flares (Régnier 2015; Melrose &
Wheatland 2016). Density cavities can form along one pair of the separatrices of guide-
field magnetic reconnection (Ricci et al. 2004; Pritchett & Coroniti 2004), in them the
condition Ωce > ωpe for ECME could be satisfied in the source region of solar flare (Zhou
et al. 2020).
In order to understand the different aspects of plasma emission and ECME a number
of studies has been carried out (see, e.g., Melrose 2017, and references therein). For
the purpose of comparing the two mechanisms, beside a Maxwellian-beam distribution
function only offering sources of free energy for bump-in-tail instabilities for plasma
emission, it is appropriate to consider the consequences of a ring-beam distribution
function that could provide free energy for both instabilities (e.g., Lee et al. 2011).
Ring-beam distribution functions can be formed through a variety of mechanisms.
They can be generated due to magnetic gradient drifts, e.g. when plasma jets (beams)
cross a tangential discontinuity (Voitcu & Echim 2018). Such scenario applies when steep
magnetic gradients are formed as in collisionless shocks and by magnetic reconnection at
kinetic scales. Magnetic gradient drifts can redistribute the parallel flowing beam-particle
energy of Energetic particles to their perpendicular direction (Zhou et al. 2015), and
thus forming ring-beam and gyro-phase restricted velocity distribution functions (Voitcu
& Echim 2012) as well as crescent-shaped velocity distribution functions (Voitcu &
Echim 2018). Ring distributions have been indeed found in PIC simulations of mag-
netic reconnection (Shuster et al. 2014; Bessho et al. 2014) and in quasi-perpendicular
shocks (Tokar et al. 1986), in the latter case they were formed via surfatron and shock
acceleration (Bingham et al. 2003).
Positive gradients of the electron distribution function in the direction perpendicular
to the magnetic field also can be generated in the self-generated plasma turbulence in
the course of magnetic reconnection (Muñoz & Büchner 2016). Magnetic reconnection in
strong magnetic fields could generate perpendicular gradients in the electron distribution
function along the separatrices (Treumann & Baumjohann 2017).
A linear stability analysis of ring-beam distributions was carried out by (Vandas &
Hellinger 2015). While a non-linear evolution of the wave excitation due to ring-beam
distribution functions was currently investigated in detail by (Zhou et al. 2020), the
authors derived the properties of waves generated by ring-beam distribution functions in
the solar coronal plasma like the polarization of escaping waves and other parameters as
they are observed during solar flares as radio bursts and spikes.
For solar flare related electron beams formed by magnetic reconnection, they are
reported to take place in regions of strong turbulence and corresponding density fluc-
tuations both at large scales (e.g., compressible magnetosonic MHD wave turbulence)
and (sub-ion) kinetic scales (Drake et al. 2003; Muñoz & Büchner 2018). This turbulence
will influence the radio emission by modifying, e.g., the local plasma frequencies and thus
the escape condition for electromagnetic waves, the wave-particle resonance conditions of
cyclotron resonances and Landau damping, possibly even enhancing the unstable growth
of plasma waves (Wu et al. 2012) and providing additional channels for wave generation
via mode conversion process (Kim et al. 2007). Mode conversion from Langmuir waves
to escaping electromagnetic waves due to random density irregularities is particularly
important as it was found by quasi-linear and test particle investigations (Cairns &
Willes 2005; Krafft et al. 2015; Volokitin & Krafft 2018; Krasnoselskikh et al. 2019;
Krafft & Volokitin 2020). Another proposed conversion process is the antenna emission
process, according to which Langmuir waves can become trapped in localized density wells
where they can be converted to electromagnetic radiation (Malaspina et al. 2012). Radio
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wave emissions due to electron beams by magnetic reconnection were simulated utilizing
Particle-in-cell (PIC) codes (Sakai et al. 2005). PIC code simulations of localized beams
for conditions of laboratory experiments demonstrated that electromagnetic waves can
be generated very efficiently at the first harmonic of the plasma frequency by an antenna
mechanisms due to wave-coupling with ion-acoustic waves (Annenkov et al. 2019).
Note that previous investigations of plasma emission and ECME take into account
only a homogeneous coronal plasma background in the source regions to simplify both
theoretical and numerical calculations. Despite of the fact that density inhomogeneities
presumably are very common scenario in the source region of radiation due to elec-
tron beams accelerated by magnetic reconnection in solar flares, it has not yet been
clarified how density fluctuations affect the resulting radio emission by a first-principle
kinetic approach. The effects of random density inhomogeneities on wave instabilities
has just recently started to be investigated by a fully-kinetic model for solar wind
conditions (Thurgood & Tsiklauri 2016). Previous studies of the effect of density gradients
on electron radio emissions focused on large scale inhomogeneities, for example, Tsiklauri
(2011); Pechhacker & Tsiklauri (2012); Schmitz & Tsiklauri (2013) studied 1D PIC
electron beam simulations with density gradients scales inspired by inhomogeneities
measured along the magnetic field connection between the Sun and the Earth. However,
the influence of small-scale density gradients on the properties of radio emission by
electron beams accelerated by magnetic reconnection in solar flares due to plasma
emission and ECME mechanisms is still poorly understood.
In order to clarify this issue and to find out how densities inhomogeneities of the
small scale density cavities and density fluctuations affect beam-related radio emissions
generated in the solar corona, we investigate a plasma which includes a density gradient
at sub-ion (kinetic) scales. Besides that, a full understanding of the ECME mechanism
requires to consider waves propagation obliquely to the magnetic field, which means
at least two spatial dimensions are needed, so investigation requires two-dimensional
fully-kinetic simulations. Furthermore, previous studies only focused on the condition
Ωce < ωpe at which waves due to ECME cannot efficiently escape, e.g., Tsiklauri (2011);
Pechhacker & Tsiklauri (2012); Schmitz & Tsiklauri (2013), as already mentioned before,
the escape condition could be met and thus our investigation will be performed along
the low density separatrices of magnetic reconnection in the source region of solar flares.
Our goal is to analyze the waves generated at the harmonics of the fundamental plasma
frequencies under the existence of small-scale density gradients and to find out how
and under which conditions density inhomogeneities can enhance the radio emissions
including such at the harmonics of the fundamental plasma frequency.
The wave generation at the fundamental plasma frequency as predicted by the standard
plasma theory has been confirmed by numerical simulations, as well the standard plasma
emission mechanism (three-wave interaction mediated by ion sound waves) which seems
to have been confirmed very recently (Thurgood & Tsiklauri 2015a; Henri et al. 2019).
Higher-order harmonic waves in SRBs also have been observed (Takakura & Yousef
1974; Reiner & MacDowall 2019), and different theories were developed to explain
them (Gaelzer et al. 2002; Yoon et al. 2003, 2005; Yi et al. 2007; Rhee et al. 2009).
Harmonics of Langmuir waves have been claimed to be found in numerical experi-
ments Rhee et al. (2009), while other numerical studies of the wave generation fail to find
conclusive evidence for the generation of harmonics (Ganse et al. 2012; Zhou et al. 2020).
Corresponding fully-kinetic PIC simulations of plasma emission leading to the generation
of higher order harmonic(s) of the plasma frequency waves are very rare because of
numerical difficulties and their sensitivity to parameters like the beam density. In this
paper, our basic finding through fully-kinetic PIC simulations is that harmonics waves of
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the local plasma frequency (nωpe, n = 1, 2, . . . ) due to plasma emission are observed, these
multiple nonlinear harmonic emissions result from the non-linear interaction of Langmuir
waves with adjacent higher order harmonics, i.e., L + Ln → Ln+1, for which emissions
the nonlinear plasma response in a turbulent electrostatic field is responsible (Yoon et al.
2003; Yi et al. 2007; Rhee et al. 2009).
The contents of this paper are organized as follows: the simulation setup and chosen
parameters are discussed in the next section. Our results about emissions at fundamental
and harmonic frequencies of Langmuir and electron cyclotron waves are presented in the
third section. Our conclusions are drawn in the fourth section in which our main results
are shortly summarized.
2. Numerical Model
The 2.5D self-consistent fully kinetic Particle-in-Cell (PIC) code ACRONYM (Kilian
et al. 2012), which numerically solves the Vlasov equation and thus is appropriate to
model collisionless plasmas, e.g., as those of the solar corona, is performed to study
the beam-plasma interaction process and the EM emissions generated. Macro-particles
of two spatial dimensions (i.e., x, y) in Cartesian coordinates and of two orthogonal
momentum components (i.e., v‖, v⊥) in Cylindrical coordinates (Note that the PIC
code performs in the 3D momentum space of Cartesian coordinates, which means the
momentum components in Cylindrical coordinates in below definition will be decomposed
into momentum components in Cartesian coordinates in PIC code) are taken into account
in these simulations.
To study the radio emission properties of localized electrons beams which are accel-
erated by kinetic magnetic reconnection on Type III SRBs, we will concentrate on 2D
simulation box (see Fig 1) lying in x× y plane in the separatrix near the diffusion region
where a fast magnetic reconnection happens during the solar flare. The length-scale of
the simulation box is (Lx, Ly) = (Nx, Ny) ×∆x along the x and y direction separately.
To satisfy the Courant-Friedrichs-Lewy (CFL) condition, i.e., c∆t/∆x = 1/2 < 1/
√
3 in
ACRONYM, we set length of each cell to be ∆x = 2λD, here λD = 0.15 cm is the Debye
length. In this study, we set Nx = 4096, Ny = 512 and periodic boundary condition is
applied on both directions of the simulation box.
The background plasma is magnetized by a local constant ambient magnetic filed B0
(see Fig 1) with magnitude of B0 = 1137.13G, and its direction is defined to be the
x direction of the simulation box, i.e., B0 = B0ex. (For consistency, x direction will
be hereafter referred as the parallel direction in the context of this paper.) We choose
the ratio of electron cyclotron frequency Ωce to electron plasma frequency ωpe to be
Ωce/ωpe = 4 > 1 in order to satisfy the emission escape condition in plasma, i.e., in which
condition, electromagnetic emission can escape the local plasma (Melrose 1980, 2017). In
this paper, the initial electron plasma frequency is set to be ωpe = 5× 109rad/s.
The particle distributions are chosen to be studied in the momentum space. In this
paper, the momentum refers to “momentum per unit mass” and is equivalent to the
“relativistic velocity”, i.e., p‖ = v‖, p⊥ = v⊥ (Hereafter when components of velocity, i.e.,
v‖ and v⊥, are mentioned in the following context, they really point to momentums), the
Lorentz factor is thus γ =
√
1 + (v2‖ + v
2
⊥)/c2, which corresponds to particles of kinetic
energy Ek = (γ − 1)mec2. In our simulations, the Maxwellian beam is initialized with
velocity ud‖ = 0.45c, ud⊥ = 0 and the Ring beam with ud‖ = 0.45c, ud⊥ = 0.55c, which
correspond to kinetic energy of γ = 1.096, Ek = 49.36keV and γ = 1.23, Ek = 115.89keV
separately.
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Figure 1. Simulation box (red rectangle) in the Separatrix region where the Particle-in-Cell
(PIC) simulations are performed, the constant ambient magnetic field B0 goes along the x
direction of the box.
From the view of mathematics, the configuration of plasma is determined by the
particle distribution function f(x,v) of electrons and ions of plasma in the phase
space x × v, in short: (1) in coordinate space, the background plasma is determined
as “homogeneous" plasma iff ∇xfbg = 0 (or fbg ≡ constant), while which would be called
“inhomogeneous” plasma when ∇xfbg 6= 0 (here the subscript “bg” is commonly used to
denote “background” plasma and “bm” is to indicate “beam” plasma, the same notations
are consistent in the following context); the beam plasma is termed as “global” or “none-
localized” beam if the beam is globally distributed in the whole simulation box (e.g., Lee
et al. 2011), while which would be named as partially “localized” beam if the beam is
locally concentrated in either x direction or y direction of the simulation box, usually,
conditions ∂fbm/∂x 6= 0 while ∂fbm/∂y = 0 are satisfied (e.g., see Sakai et al. 2005;
Tsiklauri 2011), and which would be coined as globally “localized” beam if the beam is
locally concentrated in both x direction and y direction of the simulation box. (2) in
velocity space, the background plasma is assumed to be thermodynamically Boltzmann-
Maxwellian distributed; while for the beam plasma, it would be called “Maxwellian”
beam if its particle number is thermodynamically Boltzmann-Maxwellian distributed, or
be named as “Ring” beam if its particle number function in velocity space is described by
a “Ring” pattern distribution function. In momentum space (v‖, v⊥), the particle number
density function of both the thermodynamically distributed background plasma and the
Maxwellian/Ring beam could be expressed by a product of Maxwellian distribution
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function in term of parallel velocity v‖ and a modified Rayleigh distribution function
of perpendicular velocity v⊥, see details in Appendix I.
In this paper, localized electron beam propagating with a drift speed ud = (ud‖, u⊥)
through the homogeneous/inhomogeneous background plasma filling in the simulation
box is taken into account to study the beam-plasma interactions. In the phase space
(x, y)× (v‖, v⊥), the particle distribution functions of background plasma is expressed in
the following form
fbg
(
x, v‖, v⊥
)
= nbg(x) · fM
(
v‖; vthe
)
fR (v⊥; vthe) (2.1)
where
nbg(x) = n˜bg
[
η−1 + (1− η−1)
(
x
L0
− 1
)2]
(2.2)
fM
(
v‖; vthe
)
=
1√
2piv2the
exp
(
−
v2‖
2v2the
)
(2.3)
fR (v⊥; vthe) =
1
v2the
v⊥ · exp
(
− v
2
⊥
2v2the
)
(2.4)
here n˜bg is the particles per cell of background plasma, vthe is the thermal speed of
background plasma, and η = nmax/nmin is the ratio of maximum particle number density
to minimum particle number density. Note that distribution function in term of velocity
(v‖, v⊥) with subscript “M” denotes Maxwellian distribution function while with “R”
indicates the modified Rayleigh distribution function (See Appendix I).
It should be pointed out that in order to describe the small-scale inhomogeneous
background plasma generated by magnetic reconnection in solar flare, a parabolic profile
Eq(2.2) is used to describe the particle distribution function of background plasma in
spatial space (Note that parabolic profile Eq(2.2) is similar to that in (Tsiklauri 2011;
Schmitz & Tsiklauri 2013), which is used to describe inhomogeneous background plasma
in interplanetary space). Since periodic boundary condition is applied on both directions
and the electron beams propagating along the parallel direction of the simulation box,
the parabolic profile Eq(2.2) chosen is symmetric in the x direction in order to offset the
numerical effects during PIC simulation, namely, set L0 = Lx/2, see Fig 2(a). According
to Eq(2.2), maximum and minimum particle number density of background plasma will be
reached at locations x = 0 and x = L0 along x direction of the simulation box separately,
i.e., nmax = nbg(x = 0) = n˜bg and nmin = nbg(x = L0) = η−1n˜bg, the density gradient of
background plasma is defined as (nmax − nmin) /L0 = (1 − η−1)n˜bg/L0. However, since
n˜bg and L0 are fixed in our simulations, thus density gradient of background plasma is
determined by η. On the other hand, this parabolic density profile Eq(2.2) is effective
to describe density drop from the edge to center of our simulation zone in a factor of
η = nmax/nmin. Especially, when η ≡ 1, Eq(2.2) becomes nbg(x) ≡ n˜bg, which denotes
homogeneous plasma, while when η > 1, Eq(2.2) describes inhomogeneous plasma. Thus
for simplicity, η will be used to denote the density gradient of background plasma. In
this study, control experiments with different η, e.g., η = 1, 5, 50, 200, see Fig 2(a), are
performed in order to compare the influences of density gradient of background plasma
on the Type III SRBs.
The particle distribution function of a globally localized beam is expressed in following
form
fbm
(
x, y, v‖, v⊥
)
= nbm(x, y) · fM (v‖;ud‖, vth‖)fR(v⊥;ud⊥, vth⊥) (2.5)
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Figure 2. Profile of particle density function in coordinate space and temporal evolution of
local plasma frequency. (a1) parabolic profile nbg(x) of background plasma when n˜bg = 1 on
x vs. n(x) plane; (b1) 2D distribution of particle density nbm(x, y) of globally localized beam
when n˜bm = 1 on x vs. y plane; (a2) temporal evolution of local plasma frequency ωloc(t) (in
unit of ωpe) before the electron beam reaches the center of simulation box; (b2)rate of change
of the local plasma frequency ∂ωloc/∂t (in unit of ωpe/f−1pe ) before the electron beam reaches
the center of simulation box.
where
nbm(x, y) = n˜bmexp
[
−
(
x− L1
σ1
)n
−
(
y − L2
σ2
)n]
(2.6)
fM (v‖;ud‖, vth‖) =
1√
2piv2th‖
exp
[
−
(
v‖ − ud‖
)2
2v2th‖
]
(2.7)
fR(v⊥;ud⊥, vth⊥) =
1
N⊥
v⊥ · exp
[
− (v⊥ − ud⊥)
2
2v2th⊥
]
(2.8)
and the normalized factor N⊥ is
N⊥ = v2th⊥exp
(
− u
2
d⊥
2v2th⊥
)
+
√
pi
2
ud⊥vth⊥
[
1 + erf
(
ud⊥√
2vth⊥
)]
(2.9)
here n˜bm is particles per cell of beam plasma, (L1, L2) determines location where the
localized electron beam initially injects into the simulation box, σ1 and σ2 are the
broadening width of the localized beam in x and y direction separately (then the full
width at half maximum of the localized beam is 2(ln2)1/nσ1 and 2(ln2)1/nσ2 along
the x and y direction of the simulation box separately). In our simulations, we set
L1 = 150∆x, L2 = Ly/2 = 256∆x and σ1 = σ2 = 100∆x, and the index n is set
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Figure 3. The density distribution of electrons of background (magenta dot) plasma and
localized electron beams (coral dot) in 3D momentum space, and the density distribution
function of total electrons of background and beam (green dot) on v vs. f(v) plane, the ration
of number of particles of beam to background electrons is set to be nbm/nbg = 1/2: (a0)
background plasma and Maxwellian beam without perpendicular drift speed in 3D momentum
space; (b0) background plasma and Ring beam in 3D momentum space; (a3) projection of
Maxwellian beam on v⊥1 vs. v⊥2 plane; (b3) projection of Ring beam on v⊥1 vs. v⊥2 plane.
Total density distribution of background plasma and Maxwellian beam along parallel direction
(a1) and perpendicular direction (a2); total density distribution of background plasma and Ring
beam along parallel direction (b1) and perpendicular direction (b2). The green dashed line on
(a1,a2,b1,b2) is predicted by Eq(2.10).
to be n = 4 in our simulations, see configuration of the beam on Fig 2(b). Velocity vth‖
and vth⊥ are parallel and perpendicular thermal speed of beam separately, in this study,
beams of isotropic temperature are taken into account, i.e., vth‖ = vth⊥ = vth,bm.
The localized electron beams will propagate with parallel drift speed ud‖ and per-
pendicular drift speed ud⊥ through the background plasma. When ud⊥ = 0, Eq(2.5)
denotes a “Maxwellian” beam, see Fig 3(a0), which could offer a parallel source of free
energy ∂f/∂v‖ > 0, see Fig 3(a1), for the plasma emission mechanism. While as ud⊥ > 0,
Eq(2.5) becomes a “Ring” beam distribution function, see Fig 3(b0), which is able to offer
both parallel ∂f/∂v‖ > 0 and perpendicular ∂f/∂v⊥ > 0 sources of free energy for the
proposed ECME mechanism. Numerically method how to generate Maxwellian and Ring
distributed beam is presented in Appendix II. It’s very important to point out that the
valid domains of the parallel and perpendicular velocity of Maxwellian and Ring beam
electrons are v‖ ∈ (−∞,+∞) and v⊥ ∈ [0,+∞) separately.
In short, the total particle distribution function of the beam-plasma system composed
of homogeneous/inhomogeneous background plasma and globally localized beam in phase
space (x, y)× (v‖, v⊥) becomes
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Run Background Beam# η vthe # ud‖ ud⊥ vth,bm
1 homogeneous 1
0.025c
Maxwellian
0.45c
0
0.03c
2 Ring 0.55c
3
inhomogeneous
5 Maxwellian 04 Ring 0.55c
5 50 Maxwellian 06 Ring 0.55c
7 200 Maxwellian 08 Ring 0.55c
Table 1. Parameters of 8 PIC simulations
* Here "c" is the speed of light, η = nmax/nmin is the ratio
of maximum particle number to minimum particle number of
background plasma.
f
(
x, y, v‖, v⊥
)
= fbg
(
x, v‖, v⊥
)
+ fbm
(
x, y, v‖, v⊥
)
(2.10)
The particles per cell for background plasma is set to be n˜bg = 950 and for beam
plasma n˜bm = 50 in all the PIC simulations (see Table 5 to look through details of
particle number for each PIC simulation).
In the PIC simulations, plasma composed of electrons and protons is taken into
consideration, and the ratio of mass of proton to that of electron is set to be mp/me =
1836.15. The background plasma is assumed to be cold plasma with thermal speed
vthe = 0.025c which corresponds to temperature Tbg = 3.7×106K, and the thermal speed
of the superthermal electron beam is vth,bm = 0.03c corresponding to Tbm = 5.3× 106K.
As for the localized beam, in order to compare the effect of introduction of perpendicu-
lar drift speed ud⊥ = 0.55c to electron beams on the beam-plasma interactions, both the
Maxwellian beam (without perpendicular drift speed) and Ring beam are initialized with
same parallel drift speed dd‖ = 0.45c, while the Ring beam has a positive perpendicular
drift speed ud⊥ = 0.55c in which case the Ring beam would be unstable in order to cause
ECME (Pritchett 1984b). It should be pointed out that in order to offer sources of free
energy which are able to cause the maser mechanism for a Ring beam, a much smaller
perpendicular drift speed ud⊥ < 0.55c is also allowed for simulations with much longer
time scale of PIC simulation, due to the fact that the perpendicular source of free energy
of beams transfer to the beam-plasma system in a very slow way.
In this study, totally 8 PIC simulations were performed with different conditions (see
Table 1 for more details) to study the effects of density inhomogeneities of background
plasma with different density gradient η = nmax/nmin on the EM emissions, and to study
the proposed Plasma Emission and ECME mechanisms of the Type III SRBs.
According to the theories, EM emissions caused from plasma emission prefers the L
and Z mode (ω 6 Ωce = 4ωpe) while EM emissions from ECME favors X mode and O
mode (ω > Ωce) due to the frequency region where they tend to locate (see Fig 13). In
this study, power and energy spectra distribution associated with each wave mode, e.g.,
R-X, L-O and Z mode, is discussed under the assumption of Gaussian-like power/energy
distribution along wave mode surfaces/curves in the Fourier space (or in the wavevector-
frequency domain).
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Assume modes ωc(k‖, k⊥) correspond wave modes determined by the cold plasma
dispersion relation in the 3D wavevector-frequency domain (k‖, k⊥, ω) (e.g., Stix 1992),
e.g., R-X, L-O, Z and Whistler mode (from top to bottom by frequency) respectively.
These wave modes are observed through our simulations, see Fig 4 (a1, a2, a3). Drawing
on practical experience of the Random Sweeping theory (e.g., Wilczek & Narita 2012;
Comişel et al. 2013), similar method is applied to extract power/energy distribution from
EM fields associated with each wave mode to evaluate their power/energy distribution.
Namely, assume a Gaussian energy distribution along each dispersion relation surface
ωc(k‖, k⊥) in 3D wavevector-frequency domain, EM fields of each wave mode become
Eci(k‖, k⊥, ω) = Ei(k‖, k⊥, ω) · 1√
2piσ2
exp
[
− (ω − ωc(k‖, k⊥))
2
2σ2
]
(2.11)
Bci(k‖, k⊥, ω) = Bi(k‖, k⊥, ω) · 1√
2piσ2
exp
[
− (ω − ωc(k‖, k⊥))
2
2σ2
]
(2.12)
where Ei(k‖, k⊥, ω), Bi(k‖, k⊥, ω) (here i = 1, 2, 3) is the components of EM fields in 3D
frequency-wavevector domain, which is obtained by performing 3D Discrete Fast Fourier
Transformation (FFT) on the EM fields Ei(x, y, t) and Bi(x, y, t) (i = 1, 2, 3) in 3D
space-time domain, i.e.,
Ei(k‖, k⊥, ω) = FFT [Ei(x, y, t)] (2.13)
Bi(k‖, k⊥, ω) = FFT [Bi(x, y, t)] (2.14)
and σ denotes the width of frequency distribution due to frequency broadening, in oir
study, we set σ = 1/20 · ωpe in order to separate the power/energy distribution between
any pair of two nearest wave-mode surfaces, e.g., Whistler and Z modes in Fig 4 (a2),
L-O and Z modes in Fig 4 (b2) and R-X and L-O modes in Fig 4 (c2). In practically, the
normalized factor 1/
√
2piσ2 should appear in Eq(2.11) and Eq(2.12) only when they are
integrated over frequency ω, otherwise the magnitude of power/energy spectra of each
wave mode achieved would be amplified.
In this study, EM fields in wavevector-frequency domain (k‖, k⊥, ω) is calculated
by performing 3D Fast Fourier Transformation on coordinate-time space (x, y, t) over
subsequent time window of period 10.19f−1pe , which time period is able to offer sufficient
high frequency resolution ∆ω to quantitative analyse the evolution of PSD of EM fields
in wavevector-frequency domain (k‖, k⊥, ω).
3. Result
In this paper, totally eight PIC simulations are perform to study the effects of homo-
geneity, i.e., η = 1, and inhomogeneities, e.g., η = 5, 50, 200, in density of background
plasma (see Fig 2) with a localized Maxwellian/Ring beam (see Fig 3) propagating
through the ambient plasma on the Type III SRBs (see details in Table 1).
Since a symmetrically parabolic profile of density distribution of background plasma is
applied to describe the inhomogeneous background plasma, electron beams are expected
to be reflected back at center of the simulation box along x axis along which direction elec-
tron beam propagates. However, only for simulations with η = 50, 200, e.g., Run5,6,7,8,
the electron beams are observed to be reflected back near the center of the simulation
box at time about time = 40f−1pe . The results show that only when density gradient
satisfies η > 5, the electron beams will be reflected back due to the parabolic profile of
particle distribution of background plasma. We must note that for the Run3 and Run4
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Figure 4. Power spectrum density (PSD) of Ey of Run1 (η = 1, Maxwellian beam) at
time = 15.92 f−1pe and distribution of the extracted PSD of associated Whistler, Z, L-O, R-X
modes at frequency ω = 0.6ωpe, 3.0ωpe and 4.5ωpe respectively on k‖ vs. k⊥ plane. (1) top
three panels (a1,a2,a3): PSD of 10 · log10
∣∣Ey(k‖, k⊥, ω)∣∣2; (2) bottom three panels (b1,b2,b3):
extracted PSD of Whistler R-X, L-O, Z and Whistler modes 10 · log10
∣∣Ecy(k‖, k⊥, ω)∣∣2, where
Ecy(k‖, k⊥, ω) is calculated from Ey(k‖, k⊥, ω) based on the exponential energy distribution
assumption Eq(2.13).
with η = 5, even the density inhomogeneities of ambient plasma would not influence the
motion of electron beam, the density gradient actually has significant influence on the
EM emissions in these two cases, and which would be discussed below.
According to the theories, the sources of free energy for plasma emission mechanism are
offered by a parallel positive gradient in the velocity distribution function, i.e., ∂f/∂v‖ >
0, while for ECME, the sources of free energy are offered by a perpendicular positive
gradient in the velocity distribution function of the plasma, i.e., ∂f/∂v‖ > 0. As a
result, it is expected to observe Langmuir waves and associated EM emissions due to
the plasma emission in all the simulations with Maxwellian and Ring beam, because the
beam-plasma systems with Maxwellian and Ring beam both are able to offer sources of
free energy for the plasma emission since there exists a parallel positive gradient in the
velocity distribution function for Maxwellian and Ring beam, see Fig 3(a1,b1). However,
for electron cyclotron waves, the situation comes to be a little complicated. Even the
beam-plasma systems with Maxwellian beam which is unable to offer sources of free
energy of a perpendicular positive gradient in the velocity distribution function to the
maser emission, see Fig 3(a2), electron cyclotron waves are observed due to electron
cyclotron resonance (ECR) condition, while for beam-plasma systems with Ring beam,
electron cyclotron waves due to the ECME mechanism are observed because there exits
perpendicular sources of free energy for ECME, see Fig 3(b2).
In the following context, we will start discussing energy transfer of kinetic energy of
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Figure 5. Temporal evolution of averaged total, bulk flow and thermal fluctuation of kinetic
energy of electrons of beam and background plasma, and energy of electric field, both of which
are normalized with initial kinetic energy of beam electrons. All the energies show above are
normalized by corresponding initial kinetic energy.
the electron beams to heat of the beam-plasma systems and energy of EM fields, then
observations and discussions of fundamental and harmonics of the Langmuir waves and
electron cyclotron waves will be performed, after that, frequency Doppler shift on the
electron cyclotron resonance region will be presented.
3.1. Transfer of kinetic energy
Before discussion of Langmuir waves and electron cyclotron waves, let’s turn attention
on the temporal evolution of kinetic energy of electrons of the beams (see Fig 5, left
column) and background (see Fig 5, middle column) plasma, and EM energy of electric
fields (see Fig 5, right column) firstly. The kinetic energy of electrons is quantitatively
evaluated based on the velocity of electrons of the beam-plasma system: the total kinetic
energy is calculated by Et = 12mev2 · Ne, the bulk flow kinetic energy is deduced byEb = 12mev2 · Ne, and then the thermal fluctuation of energy of electrons is achieved
by Eth = Et − Eb = 12mev2 · Ne, where Ne is particle number of electrons of beam or
background plasma depending on particular situation. In order to compare the energy
gain/loss of electrons, the changing of these kinetic energies is normalized by initial kinetic
energy of electron beam E0 = 12meu2d · Nbm, e.g., taking the bulk flow kinetic energy
for example, E = (Eb − Eb0) /E0. In this study, the electric energy is also normalized
by E0, see Fig 5. The results show that most part of kinetic energy of beam electrons
∼ 0.8E0 transfers to heat energy of electrons of beam itself and of the background plasma
6∼ 0.5E0, while small part transfers to EM energy 6 0.1 ∼ 0.2E0.
Since the bulk flow kinetic energy of electrons of background plasma is nearly zero all
the time, which means the energy gain by electrons of background plasma is totally
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transferred to heat of background plasma. Even both electrons of beam itself and
background plasma are heated, background electrons gain much more heat 6∼ 0.5E0
than beam electrons 6∼ 0.08E0. As for electric energy, longitudinal electric Ex ∼ 0.2E0
gains much more energy than transverse electric field Ey ∼ 0.05E0 and Ez ∼ 0.01E0.
Because the Ring beams (i.e., Run2,4,6,8) introduce perpendicular source of free
energy into the beam-plasma systems beside parallel source of free energy, the initial
kinetic energy E0 of Ring beam is more than two times of that of Maxwellian Ring
(i.e., Run1,3,5,7), e.g., 115.89keV and 49.36keV per electron, as a result, comparing
of efficiency of energy transfer between plasma emission (drived by parallel free energy
sources) and electron cyclotron maser emission (drived by perpendicular free energy
sources) is impossible in this study. However, results show that as density gradient η
increases, (see energy distributions of Run1,3,5,7 and Run2,4,6,8 on Fig 5 separately),
the sources of free energy of electron beam are more efficiently transferred to heat of
electrons of the beam-plasma system and EM energy.
3.2. Fundamental and Harmonics of Langmuir waves
In this part, we will concentrates on the results of the Maxwellian beam-plasma
systems, i.e., Run1,3,5,7, same results would be fund in the Ring beam-plasma systems,
i.e., Run2,4,6,8.
We firstly focus on the relaxation of electron population in parallel velocity space. Fig
6 shows electron distribution functions of parallel velocity f(v‖) of Maxwellian beam-
plasma systems (i.e., Run1,3,5,7) with increasing density gradient, (i.e., η = 1, 5, 50, 200)
at time t = 0.0, 15.92, 31.83, 39.79f−1pe respectively. Just taking Run7 for example, see
red curves on Fig 6, it enable us to tell different stages of the temporal evolution of
electron population: (1)at time = 0.0f−1pe , there exists an initial positive density gradient
to offer sources of free energy for the bump-in-tail instability; (2)at about time = 15, 92 ∼
31.83f−1pe , bump of the electron beam is merging to the bulk distribution of background
electron; (3)at time = 39.79f−1pe , the characteristic plateau forms. It should be pointed
out that for η = 1, 5, e.g., Run1,3, the last stage at time = 39.79f−1pe of the formation of
plateau showing above is in excess of the time scale we concentrate on, but which still
makes sense to compare evolution of particle distribution with other simulations here. It
comes to conclusion that as the density gradient of background plasma increases, transfer
of parallel sources of free energies from electron beam to heat of beam-plasma systems
and EM energy will be more efficient.
In the following context, when EM energy in the wavevector-frequency domain is
mentioned, we will only concentrate on the electric filed E, since same results are also
confirmed in magnetic field B. Let Eι, Eτ , E denote the longitudinal, transverse and
total electric field in wavevector-frequency domain, i.e., (ω, k‖, k⊥), separately, i.e.,
Eι = Ex
Eτ =
√
E2y + E
2
z
E =
√
E2x + E
2
y + E
2
z
(3.1)
and then power spectrum density (PSD) of each electric field is calculated, taking the
longitudinal electric field Eι for example, by 10 · log10 |Eι|2 in unit of decibel (dB).
Because time rate of changing of the local plasma frequency is very small, so during
the time window, e.g., with window size of 10.19f−1pe , we are concentrated on, the local
plasma frequency could be treated as a constant plasma frequency.
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Figure 6. Temporal evolution of profile of electron velocity distribution function along parallel
direction in velocity space at time t = 0.0, 15.92, 31.83, 39.79f−1pe respectively. Note that the
electron density distributions of background and beam plasma are normalized in order to appear
in the same panel.
Fig 7 shows the PSD of longitudinal electric field Eι at time period 15.92 ∼ 26.10f−1pe ,
over the PSD, dispersion relation curves of beam-generated (fundamental) Langmuir
waves and their up to at most seventh harmonic of Langmuir waves are overlaid.
For the fundamental Langmuir waves L, the dispersion relation is theoretically ex-
pressed in the following form, i.e.,
ωL =
√
ω2loc + 3v
2
thek
2 (3.2)
here ωloc is the local plasma frequency based on the location of electron beam as the
electron beam propagates through the background plasma, and vthe is thermal speed of
electrons of background plasma. In homogeneous background plasma, the local plasma
frequency remain as a constant, i.e., ωloc = ωpe, then Eq(3.2) becomes the classic Bohm-
Gross dispersion relation of fundamental Langmuir waves in homogeneous cold plasma
(Yoon et al. 2003; Melrose 2017).
While for harmonics of Langmuir waves Ln (n > 2), drawing practical experience from
the Bohm-Gross dispersion relation of fundamental Langmuir wave Eq(3.2), the disper-
sion relation of Langmuir modes are predicted by the following empirical expression,
says
ωLn(k) =
√
n2ω2loc + 3v
2
thek
2 (3.3)
where Ln denotes the n-th harmonic of Langmuir wave, especially, for n = 1 and 2,
L = L1 indicates the beam-generated (or fundamental) Langmuir waves, L2 is simply
called harmonic Langmuir waves separately.
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Figure 7. Fundamental and harmonics of Langmuir wave modes (showing in power spectrum
density of longitudinal electric field Eι at period time = 15.92 ∼ 26.10f−1pe on ω vs. k‖ plane).
The top four panels are simulations (Run1,3,5,7) with Maxwellian beam, while the bottom four
panels are simulations (Run2,4,6,8) with Ring beam.
Because ω2loc  3v2thek2 is generally satisfied in the wavevector region where the
analysis are concentrated on, then Eq(3.3) could be approximated to the following form,
i.e.,
ωLn(k) ≈ nωloc
(
1 +
3
2n2
λ2Dk
2
)
(3.4)
similar but different results are achieved in previous theoretical studies of dispersion
relation of Langmuir waves (e.g., Yoon 2000; Gaelzer et al. 2002; Yoon et al. 2003). For
the harmonic Langmuir waves, i.e., n = 2, Eq(3.3) as well as Eq(3.4) are equivalent to
Eq(34) in Yoon (2000), while for higher harmonics of Langmuir waves, i.e., n > 2, Eq(3.3)
and Eq(3.4) are more accurate in our simulations since a factor 1/n is introduced into
the second term of RHS of the equations comparing to Eq(18) in Yoon et al. (2003).
As electron beams propagates the ambient plasma, the local plasma frequency is unable
to be theoretically predicted due to the broadening effect of locations of electron beams.
In this study, we come up with an empirical technique to determine the local plasma
frequency ωloc based on the PSD of longitudinal electric field Eι, see details in Table 2.
Once the local plasma frequency is determined, dispersion relation of fundamental
and harmonics of Langmuir waves would be figured out by Eq(3.2). Fig 7 shows the
dispersion relation curves of Langmuir modes predicted by Eq(3.2) are consistent with
power distributions of associated Langmuir mode very well.
Fig 7 shows that as the density gradient η of background plasma increases, much more
higher harmonic(s) of Langmuir waves will appear, e.g., when η = 1 there are three
harmonics of Langmuir waves are generated while for η = 200 there are at least six
harmonics of Langmuir waves are observed.
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Step 1. figure out the electrostatic electric field in wavevector-frequency domain
through Fast Fourier Transformation, i.e.,
Eι
(
ω, k‖, k⊥
)
= FFT [Eι (t, x, y)]
Step 2. integrate the power of electrostatic magnetic field Eι
(
ω, k‖, k⊥ = 0
)
over k‖ to get its energy distribution in frequency domain according to
Eq(3.5);
Step 3. pick up frequency nωloc, n = 1, 2, . . . corresponding to each harmonics
at each maximal value of Eι(ω);
Step 4. by dividing the harmonic order n for each harmonic, associated local
plasma frequency ωloc corresponding to the harmonic is determined.
Table 2. How to determine the local electron plasma frequency ωloc
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Figure 8. Power spectrum density (in unit of erg · cm−3) of Longitudinal electric field Eι in
frequency (top) and time (bottom) domain at period time = 15.92 ∼ 26.10f−1pe . The red dashed
line denotes the location of frequency ω of Fundamental and Harmonics of Langmuir waves.
In order to quantitatively analyse the frequencies of Langmuir waves, we calculate its
energy distribution of frequency ω by integrating PSD of Eι(ω, k‖, k⊥ = 0) over k‖ for
all the beam-plasma systems, namely
Pι(ω) =
∫
|Eι
(
ω, k‖, k⊥ = 0
) |2dk‖ (3.5)
Fig 8 shows power distribution of frequency ω of all simulations during each time
period time = 15.92 ∼ 26.10f−1pe , it is safe to make conclusions that:(1) for background
plasma with same density gradient η, there are nearly no differences between the power
distribution of frequency ω of the Langmuir waves generated by the Maxwellian and Ring
beam-plasma system, because both Maxwellian and Ring beams are initialized with same
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parallel drift speed ud‖ to offer sources of free energy to plasma emission to generate these
Langmuir waves; (2) for a particular beam-plasma system, as η increases, frequencies of
fundamental and harmonics of Langmuir modes shift significantly to lower frequency
region; (3) as η increases, much more harmonic(s) of Langmuir modes are generated,
e.g., taking the Maxwellian beam-plasma systems for example, we have Langmuir modes
such as Run1 (η = 1 : F,H1, H2), Run3 (η = 5 : F,H1, H2, . . . ,H5), Run5 and Run7
(η = 50 and 200 : F,H1, H2, . . . ,H7); (4) as the harmonic number n increases, peak
power of each Langmuir mode decreases; (5) there is nearly no different between powers
of beam-plasma systems with η = 50 and η = 200 (see Run5,6,7,8), which means that
when η > 50, inhomogeneities in density of background plasma having nearly same
influence on the electrostatic Langmuir waves. Fig 8 shows that the 3rd harmonic of
Langmuir waves of Run5 and Run6 as well as the 4th harmonic of Langmuir waves of
Run7 and Run8 deviate from each other a little, this is might due to the frequency
resolution ∆ω used for the FFT is too low in this study, the deviations might disappear
if performing FFT on raw data with bigger time window size and thus higher frequency
resolution.
Now turn our attention on Langmuir modes and the proposed plasma emission mecha-
nism. Fig 7 shows that the locations k‖ of the peak of power distribution along dispersion
relation curves of each Langmuir mode are positive, and as the harmonic number n
increase, the locations k‖ will be much bigger. Fig 9 shows temporal evolution of power
spectrum density (PSD) of longitudinal electric field Eι of Run1 (η = 1, top four panels)
and Run5 (η = 50, bottom four panels) at time period 0.00 ∼ 10.19, 7.96 ∼ 18.14,
15.92 ∼ 26.10, 23.87 ∼ 34.06f−1pe respectively, above these panels, dispersion relations
curves of fundamental (F) and harmonic(s) (H) of Langmuir mode and beam mode
are overlaid. Fig 9 shows that, as time evolved, the locations of peak of power of each
Langmuir modes will moves to higher wavevector k‖ region along their the dispersion
relation curves besides conclusions mentioned above.
Based on the discussions of fundamental and harmonics of Langmuir waves mentioned
above, this study support the conclusion of generation of the higher harmonic of Langmuir
wave(s) from previous studies (e.g., see Yoon et al. 2003; Yi et al. 2007; Rhee et al. 2009),
namely, the n-th harmonic of Langmuir mode Ln is derived from the coalescence process
of the beam-generated (fundamental) Langmuir mode L and below adjacent harmonic of
Langmuir mode Ln−1, says
Ln−1 + L→ Ln (3.6)
here n > 2, especially when n = 2, Eq(3.6) indicates that the harmonic of Langmuir
waves is from coalescence process of the beam-generated Langmuir waves L and itself.
In the following context, we will prove that the coalescence process Eq(3.6) satisfies
the beat conditions, or the Manley-Rowe conditions (e.g., see Eq(1) in Melrose 2017).
Firstly, by virtue of the dispersion relation expression Eq(3.4) and under the assumption
ω2loc  3v2thek2, it is easy to prove that for harmonics (n > 2) of Langmuir mode,
frequencies of three candidates of Eq(3.6) satisfies the beat condition of frequency, i.e.,
ωLn−1 + ωL ≈ ωLn .
Secondly, as for the beat condition of wavevector, according to coalescence process
Eq(3.6), the wavevectors of each harmonic of Langmuir waves should basically meet the
linear relationship in order to satisfy the beat condition of wavevector, since the initial
seed candidate of the coalescence process Eq(3.6) is only the beam-generated Langmuir
waves itself.
To analysis the wavevectors of Langmuir modes, power distribution of wavevector of
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Figure 9. Temporal evolution of power spectrum density of longitudinal electric field Eι
at time = 0.00 ∼ 10.19f−1pe (a1,b1), 7.96 ∼ 18.14f−1pe (a2,b2), 15.92 ∼ 26.10f−1pe (a3,b3),
23.87 ∼ 34.06f−1pe (a4,b4) of simulations Run1 (top) and Run5 (bottom). Beam mode (red
dashed line), fundamental (blue dashed line) and harmonic(s) (orange dashed line) of Langmuir
waves are overlaid.
Langmuir modes are firstly calculated by integrating PSD of longitudinal electric field
of each Langmuir mode(s) over frequency ω. Similar to Eq(2.11), longitudinal electric
field of each Langmuir mode is achieved under assumption of Gaussian power/energy
distribution along dispersion relation curve(s) on the 2D wavevector-frequency (k‖, ω)
domain, i.e.,
P(k‖) =
∫
1√
2piσ
exp
[
− (ω − ωLi)
2
2σ2
]
· |El(k‖, k⊥ = 0, ω)|2dω (3.7)
where ωLi is determined by dispersion relation Eq(3.3) of Langmuir modes, and
El(k‖, k⊥, ω) is the longitudinal electric field in Fourier domain.
In this study, linear regression analysis of wavevector of a particular Langmuir mode at
different time stages is performed, where the wavevector of a particular Langmuir mode
is determined by the location k‖ of peak of power distribution calculated by Eq(3.7) after
ruling out the influence of beam mode at each time stage, see Fig 10.
Fig 10 shows the results of Run3,4 (with η = 5) and Run5,6 (with η = 50) at three
consecutive time periods, e.g., time = 7.96 ∼ 18.14, 15.92 ∼ 26.10, 23.87 ∼ 34.06f−1pe ,
separately. The wavevectors of Langmuir modes shift upward to higher wavevector region
as harmonic number increases at a certain time period. It is safe to make a conclusion
that the wavevectors of Langmuir modes satisfy the linear relationship, and thus satisfy
the beat condition of wavevector.
Beside evidence of the generation of Langmuir modes through the coalescence process
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Figure 10. Linear regression analysis of wavevectors determined by power spectra of
n-th harmonic of Langmuir Waves. Results of simulations Run3, Run4, Run5, Run6 at
time = 7.96 ∼ 18.14f−1pe (red dot), 15.92 ∼ 26.10f−1pe (blue square), 23.87 ∼ 34.06f−1pe (magenta
triangle) are shown. Note that when harmonic number n = 1, which denotes the beam-generated
(fundamental) Langmuir wave(s).
Eq(3.6), this study also provides evidences of generation of harmonic EM emission when
ion acoustic waves S is absent.
Fig 11 shows power distribution of fundamental (left) and harmonic (middle) of
Langmuir modes calculated from longitudinal electric field Eι, and of Z mode calculated
from transverse electric field Eτ of Run1 (η = 1, top) and Run5 (η = 50, bottom) at
time = 0.00 ∼ 10.19, 7.96 ∼ 18.14, 15.92 ∼ 26.10, 23.87 ∼ 34.06f−1pe respectively. For
the fundamental Langmuir waves at each time period, the majority of the initial growth
happens at the location where the beam mode and associated fundamental Langmuir
mode intersects, e.g., kF ≈ 2.18ωpe/c of Run1 and kF ≈ 1.96ωpe/c of Run5. Beside that,
enhancement of power of fundamental Langmuir mode at or near k‖ = 0 are also observed,
e.g., 102.5 ∼ 103erg · cm−3 of Run1, 102 ∼ 103erg · cm−3 of Run5 near k‖ = 0, however,
the enhancement of power in the inhomogeneous background plasma cases will slightly
shift to positive k‖ direction over time, similar results were confirmed in Thurgood &
Tsiklauri (2015b). For the harmonic of Langmuir mode (see a2,b2), the majority of the
initial growth happens at the location where the beam mode and associated harmonic
Langmuir mode intersects, e.g., kH ≈ 4.39ωpe/c of Run1 and kH ≈ 3.96ωpe/c of Run5.
The reason why wavevector of intersection points of beam mode and Langmuir modes
of Run5 is smaller than that of Run1 is that the density inhomogeneities of background
plasma of Run5 causes decrease of local plasma frequency.
For the beam-plasma systems with homogeneous background plasma, e.g., Run1, the
backward Langmuir mode L′ are absent, see Fig 11(a1), while power distribution of
Z mode shows peak at kz ≈ kF . Thus in this case, the harmonic EM emission T2ωpe is
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Figure 11. Power distribution of Fundamental (F) (a1,b1), Harmonic (H) (a2,b2) Langmuir
waves calculated from longitudinal electric field and Z (a3,b3) mode from transverse electric
field at time = 0.00 ∼ 10.19, 7.96 ∼ 18.14, 15.92 ∼ 26.10, 23.87 ∼ 34.06f−1pe of simulations Run1
(top) and Run5 (bottom) on P vs. k‖ plane respectively. These curves are smoothed by number
of time periods of 15. The grey dashed line denotes the specific locations of k‖ where the beam
mode intersects with associated Fundamental (at kF ) and Harmonic (at kH) Langmuir wave at
time = 0.00f−1pe on Fig 9, while for Z mode, kZ is determined by the location where 2ωF (k‖)
intersects with dispersion relation curve of Z mode at time time = 0.00f−1pe .
derived from a coalescence process of the beam-generated (fundamental) Langmuir waves
L and fundamental Langmuir waves with zero wavevector k‖ ≈ 0, i.e., L + L|k‖=0 →
T2ωpe . As for the beam-plasma systems with inhomogeneous background plasma, e.g.,
Run5, power distribution of fundamental Langmuir waves shows peak at kF ′ = −kF ,
which means back-scattered Langmuir waves are available. As a result, there exits a seed
population of backward and forward Langmuir wave which are possible participants of
the coalescence process L + L′ → T2ωpe for harmonic emission according to the plasma
emission mechanism. In this case, the power distribution of Z mode shows peak at k‖ ≈ 0,
thus the harmonic EM emission T2ωpe is derived from a coalescence process of the beam-
generated (fundamental) Langmuir waves L and back-scattered Langmuir waves L′, i.e.,
L+ L′ → T2ωpe |k‖=0.
The power distributions of harmonic (H) Langmuir waves show peaks at locations
kH ≈ 2kF , e.g., kH = 4.39ωce/c for Run1 and kH = 3.96ωce/c for Run5, both of them
are nearly double times of associated wavevectors kF of fundamental Langmuir waves,
see Fig 11(a2,b2). It confirms the beat condition of wavevector for harmonic Langmuir
waves according to Eq(3.6).
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Figure 12. Temporal evolution of profile of electron velocity distribution function along
perpendicular direction for simulations with Ring beam (top row) and particular electron
velocity distribution function of Run8 on vy vs. vz plane (bottom row) in velocity space. Similar
normalization process have been performed on the profile of velocity distribution function of
electrons of background and beam plasma.
3.3. Fundamental and Harmonics of Electron Cyclotron waves
In this part, we will focus on the electron cyclotron waves. Fig 12(a1,a2,a3) shows
the temporal evolution of electron population in perpendicular velocity f(v⊥) space
of the Ring beam-plasma systems with differnt density gradients, i.e., Run2,4,6,8, at
time = 0.0, 23.87, 43.77f−1pe respectively. Just taking the results of Run8 for example
(see red curves on Fig 12 (a1,a2,a3)), which enable us to tell different stages of the
temporal evolution of electron population: (1)at time = 0.0f−1pe , there exists an initial
positive density gradient to offer sources of free energy for ECME; (2)at about time =
23.87 ∼ 43.77f−1pe , bump of the electron beam is merging to the bulk distribution of
background electron. It comes to conclusion that as the density gradient of background
plasma increases, transfer of perpendicular sources of free energies from electron beam
to heat of beam-plasma systems and EM energy will be more efficient. In addition, Fig
12(b1,b2,b3) shows temporal evolution of the population of Ring beam on 2D vy vs. vz
plane of Run6 (η = 50) at time = 0.0, 23.87, 43.77f−1pe respectively, the broadening of
population of electrons in the 2D perpendicular velocity space over time can be observed.
There are two mechanisms contributing to generation of the fundamental and har-
monics of electron cyclotron waves. The first mechanism is due to the electron cyclotron
resonance (ECR) condition at nΩce (n = 1, 2, 3 . . . ) for any beam-plasma system, while
the other one attributes to the electron cyclotron maser emission mechanism (ECME)
for beam-plasma systems initialized with perpendicular sources of free energy.
Fig 13 shows PSD of total electric field of Run1,2 (with η = 1) and Run5,6 (with
η = 50) on ω vs. k⊥ plane. Above the PSD on Fig 13, dispersion relation curves of
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Figure 13. Fundamental and harmonics of electron cyclotron modes. The red dashed lines
denote electron cyclotron Bernstein Modes due to electron cyclotron resonance (ECR) condition,
while the blue dashed lines indicate the electron cyclotron Bernstein Modes due to electron
cyclotron maser emission (ECME).
electron cyclotron waves due to ECR condition, e.g., see red dashed lines exactly located
at nΩce (n = 1, 2, 3 . . . ) for all the cases, and to ECME, e.g., see red dashed lines for Run
2,6. It is found that frequencies of electron cyclotron modes attributed to ECME shift
significantly downward to lower frequency regime than frequencies of associated electron
cyclotron waves modes due to ECR condition, that is due to the relativistic effect of
perpendicular drift speed when the perpendicular sources of free energy are introduced
into the Ring beam-plasma systems. It is obvious that the density inhomogeneities of
background plasma have no influence on the electron cyclotron waves modes.
Dispersion relations of the electron cyclotron waves modes due to ECR condition and
ECME both could be predicted by the electron cyclotron Bernstein modes. In high
frequency region, the electron cyclotron Bernstein (ECB) modes (Melrose 1986) are
expressed in the following form, i.e.,
1− 2ω
2
pe
λe
e−λe
∞∑
n=1
n2In(λe)
ω2 − n2Ω2ce
= 0 (3.8)
where In(λ) is modified Bessel function of the first kind, variable λe = k2v2the/Ω
2
ce is the
scale of length and vthe is the thermal speed of background plasma. Mathematically
speaking, in the limit of λe  1, e−λe → 1 and the asymptotic expression of the
modified Bessel function In(λ) becomes In(λe) ≈ 1n!
(
λe
2
)n
, taking this approxima-
tion of In(λe) into Eq(3.8) we can get approximate solutions of frequency like ω ≈√
ω2pe +Ω
2
ce, 2Ωce, 3Ωce, . . . . While in the opposite limit of λe  1, the modified Bessel
function In(λ) could be approximated to e−λeIn(λe) ≈ 1√2piλe e
−n2/2λe , and by solving
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Eq(3.8) with this approximated expression, we have solutions of harmonics of electron
cyclotron frequency as ω = nΩce, n = 1, 2, 3, . . . .
For the fundamental and harmonics of electron cyclotron waves attributed to ECR
condition, each mode could be solved from Eq(3.8) directly, see red dashed lines on Fig
13. While for these modes generated by ECME, relativistic effect due to perpendicular
drift speed ud⊥ of beam should be taken into account. Namely, a perpendicular Lorentz
factor γ⊥ determined by the perpendicular drift speed of Ring beam, i.e.,
γ⊥ =
√
1 + u2d⊥/c2 (3.9)
should be introduced into the electron cyclotron Bernstein modes Eq(3.8) to modify the
terms associated with electron cyclotron frequency Ωce, i.e., to make Ωce → Ωce/γ⊥ into
the Eq(3.8), namely
1− 2ω
2
pe
λ2eγ
2
⊥
e−λ
2
eγ
2
⊥
∞∑
n=1
n2In(λ
2
eγ
2
⊥)
ω2 − n2Ω2ce/γ2⊥
= 0 (3.10)
Then for the fundamental and harmonics of electron cyclotron waves attributed to
ECME, each mode could be solved from Eq(3.10), see blue dashed lines on Fig 13.
It should be pointed out here that relativistic effect of perpendicular drift speed of
electron beam influence the beam-plasma systems and generated EM emission in several
aspects when perpendicular sources of free energy are introduced into the beam-plasma
system, e.g., the Ring beam in this study. Later this perpendicular Lorentz factor γ⊥ will
be introduced to explain a proposed frequency Doppler shift phenomenon appearing on
the PSD of transverse electric field.
To compare the frequencies of electron cyclotron waves modes from ECR condition
and ECME, power distribution of frequency is calculated by integrating PSD of total
electric field over wavevector k⊥ in the 2D wavevector-frequency domain (ω, k⊥), i.e.,
P(ω) =
∫
|E (ω, k‖ = 0, k⊥) |2dk⊥ (3.11)
see power distribution of frequency of all the cases on Fig 14, the peaks indicates the
frequencies of harmonics of electron cyclotron waves modes, e.g., see the circles for
electron cyclotron waves due to ECR condition and squares for ECME. Fig 14 shows
that for electron cyclotron waves derived from ECR, there are no difference between
results of Maxwellian and Ring beam-plasma systems (see circles on each panel). While
for electron cyclotron waves derived from ECME, power distributions of Ring beam-
plasma systems are significantly higher that these of Maxwellian beam-plasma systems,
especially near frequencies of electron cyclotron waves modes due to ECME. Fig 14 also
confirms that the density inhomogeneities of background plasma have no influence on
electron cyclotron waves modes in any beam-plasma systems.
We also observe the numerically “aliasing effect” from results of Maxwellian and Ring
beam-plasma systems due to the Fast Fourier Transformation performed on the EM
fields, e.g., see the highlight lines of PSD appear within the region between 3Ωce ∼ 4Ωce,
4Ωce ∼ 5Ωce and 5Ωce ∼ 6Ωce on Fig 13 (Run1, Run3, Run5 and Run7). Because the
sampling time interval in our cases is ∆T = 5∆t = 2.5 × 10−11 s, then the sampling
frequency is going to be fs = 1/∆T = 4× 1010 s−1 and the maximum circular frequency
we can have in wavevector-frequency domain through FFT is ωs = 2pifs/2 = 8piωpe =
2piΩce. As a result, for any wave mode in higher frequency region, i.e., ω > 2piΩce, which
would be folded to lower frequency region at ω = 2piΩce. For example, the X and O
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Figure 14. Power distribution of total electric field E
(
ω, k‖ = 0, k⊥
)
of all simulations in
frequency domain at period time = 15.92 ∼ 26.10f−1pe . The square denotes electron cyclotron
modes derived from ECME and dot indicates electron cyclotron modes derived ECR. The red
dashed lines denote the frequencies of electron cyclotron modes derived from ECME while the
blue dashed line indicates the frequencies of electron cyclotron modes derived from ECR.
modes merging together with each other in higher frequency region, e.g., ω > Ωce, will
be folded to lower ω region at ω = 2piΩce due to the numerically aliasing effect. For
higher harmonics of electron cyclotron waves with ω > 6Ωce mentioned, which will be
folded into lower frequency region too.
3.4. Frequency Doppler shift
When the perpendicular sources of free energy are introduced into beam-plasma
systems, relativistic effect due to the perpendicular drift speed ud⊥ of Ring beam causes
significant enhancements of PSD (see the wave mode along solid blue curves on Fig 15) in
the frequency region below the electron cyclotron resonance region (see the triangle-like
zones in the dispersion diagram delimited by the two dashed black lines on Fig 15) are
observed.
Fig 15 shows PSD of transverse electric field Eτ of Run1,2 (η = 1) and Run5,6 (η = 50).
Similar to the thermal fluctuations caused by the ions at ion cyclotron frequency (Muñoz
et al. 2018), there exist the thermal fluctuations caused by the electrons at electron
cyclotron frequency (see the triangle-like regions enveloped by the black dashed line on
Fig 15) which is approximately delimited by
ω = Ωce ± 3vthek‖ (3.12)
For the L mode (see red dashed curves on each panel on Fig 15), in lower wavevector
regime k 6 5d−1e , which doesn’t enter into the triangle-like region. As the L mode
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Figure 15. Power spectrum density of transverse electric field Eτ of all simulations at
time = 15.92 ∼ 26.10f−1pe on ω vs. k⊥ plane. Dispersion relation curves of R, L,Z, curves
predicted by gyroresonance condition and by Eq(3.13) and Eq(3.14) are overlaid.
asymptotically tends to the electron cyclotron frequency Ωce = 4ωpe in large wavevector
regime k > 5d−1e , it will get heavily damped after entering into the region, which is
agreement with the results about ion cyclotron frequency predicted in previous studies
(e.g., see Muñoz et al. 2018).
Fig 15 shows that for the Ring beam-plasma systems, e.g., Run2 and Run6, significant
enhancements of PSD appear under and on the ECR region from left to right and across
Z and L modes at ω ≈ 2 ∼ 3ωpe, across L and R modes at ω ≈ 4 ∼ 6ωpe.
Above panels of Run2 and Run6, dispersion relation curves of five harmonics e.g.,
n = −1, 0, 1, 2, 3, predicted by gyroresonance condition ω − nΩce/γ − k‖ud‖ = 0 are
overlaid (Note that here the Lorentz factor is γ =
√
1 + u2d/c
2 instead of Eq(3.9)), see
the grey oblique dashed lines from lower right corner to upper left corner. However, these
curves predicted by gyroresonance condition are not consistent with distribution of the
enhancements of PSD mentioned.
We find these distribution of these PSD enhancements are consistent with curves fitted
by an empirical expression (see the blue solid curves on Fig 15), namely,
ω =
1
γ⊥
√
Ωce
(
Ωce + ud⊥k‖
)
(3.13)
in the lower wavevector region, i.e., as k‖ → 0, Eq(3.13) approximately becomes
ω ≈ 1
γ⊥
(Ωce +
1
2
ud⊥k‖) (3.14)
see the blue oblique dashed lines on Fig 15. In this study, we proposed these PSD
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Figure 16. Energy distribution of transverse electric field Eτ and X, O and Z modes.
enhancements are frequencies Doppler shift on the ECR region at electron cyclotron
frequency ω = Ωce.
Fig 16 shows power distribution of transverse electric field Eτ and that of transverse
electric fields associated with X, O and Z modes determined by Eq(3.11) respectively in
frequency domain. It is obvious to tell the power enhancements of the transverse electric
field of simulation Run2,4,6,8 (dashed curve), e.g., see power enhancements of total Eτ
within 2Ωce ∼ 3Ωce and 4Ωce ∼ 6Ωce regions, of R mode in 4Ωce ∼ 6Ωce, of L mode
within 2Ωce ∼ 3Ωce and 4Ωce ∼ 6Ωce and of Z mode in 2Ωce ∼ 3Ωce region, which is
consistent with PSD enhancements appearing in Fig 15. It is very interesting to point out
that for the power enhancements of Run2,4,6,8, as density gradient η increases, power
enhancements of Z mode (see dashed lines of Run 2,4,6,8) decreases, e.g., power decrease
from 10−0.5erg · cm−3 to 10−2erg · cm−3 at frequency region 2Ωce ∼ 3Ωce, which is also
true for power of R mode, e.g., power decrease from 10−0.1erg · cm−3 to 10−5erg · cm−3
at frequency region 4Ωce ∼ 6Ωce, while power enhancements of L mode increases, e.g.,
power increases from 10−4erg · cm−3 to 10−2erg · cm−3 at frequency region 2Ωce ∼ 3Ωce
and from 10−4erg ·cm−3 to 10−1erg ·cm−3 4Ωce ∼ 6Ωce. As for the power enhancements
of the total electric field will firstly decrease at frequency region ω ≈ 2 ∼ 2.6ωpe and then
increase at region ω ≈ 2.8 ∼ 4.2ωpe and again decreases at region ω >∼ 5ωpe.
4. Conclusions
By utilizing fully-kinetic PIC-code simulations we investigated the influence of density
inhomogeneities along the propagation path of electron beams, typical for the separatrix
regions of magnetic reconnection, on the emission of electromagnetic waves. The electron-
beam velocity distributions functions under investigation are capable of causing emissions
due to plasma emission due to interaction of unstable plasma waves as well as electron
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cyclotron maser emission (ECME) due to cyclotron-resonant wave-particle interactions.
The following consequences of density inhomogeneities along the path of propagating
electron beams on radio emissions were found:
(1) Due to the density gradients higher harmonic Langmuir waves are generated. The
stronger the density gradients are, the higher harmonics are generated. To the best of our
knowledge this effect has not been known before. In combination with wave propagation
models this effect of density inhomogeneities does explain the observation of Langmuir
wave harmonics in solar radio bursts.
(2) The free energy due to both parallel and perpendicular velocity gradients in the
electron beam distributions functions is more efficiently released and transferred to
plasma heating and to the generated electromagnetic waves the stronger the density
gradients are.
(3) Density gradients along the propagation path of the electron beam cause a down-
ward frequency shift of the Langmuir waves and their harmonics. This effect is attributed
to the variation of the local plasma frequency along the path of the electron beam through
the inhomogeneous plasma.
(4) Density gradients do not affect the electron cyclotron wave generation.
(5) Perpendicular velocity space gradients cause a significant Doppler shift of the
generated electron cyclotron waves.
The generation of the Langmuir waves and their harmonics is associated with wave-
wave coupling as in the known plasma emission mechanism. Harmonics of the electron
cyclotron frequency are either associated with electron cyclotron resonances or directly
generated by the ECME mechanism.
Our results explain the generation of harmonics of Langmuir waves as follows: the
n-th harmonic Langmuir wave mode Ln is generated by an interaction of adjacent
Ln−1 harmonic waves modes with the beam-generated (fundamental) Langmuir wave
mode L, i.e., Ln−1 + L → Ln. We obtained and verified a semi-empirical expression
for the dispersion relation of the Langmuir wave harmonics caused by plasma density
inhomogeneities along the path of electron beam propagation.
Note that our results deal only with the initial stage of beam propagation and wave
generation at electron time-scales. This is not long enough to start the wave-wave
interaction with ion acoustic(S) waves, whose growth time is larger. This restriction
of our results to the initial stage of beam propagation is due to the short time a mildly-
relativistic beam needs to cross the simulation box.
Our findings are, nevertheless, relevant for understanding the kinetic physics of the
generation of electromagnetic waves causing solar radio bursts due to electromagnetic
emissions in their source regions (see, e.g., Li et al. 2009).
At the same time we could show that in the absence and before the growth of ion-
acoustic waves grow, i.e. before Langmuir wave scattering starts, already transverse har-
monic electromagnetic emissions are generated due to the interaction of beam-generated
Langmuir waves L and fundamental mode Langmuir waves with a vanishing wavevector.
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Appendix A. The modified Rayleigh Distribution Function
In this section, it is going to proved that both the “Maxwellian” and “Ring”-pattern
electron beam will be described by a modified Rayleigh Distribution function in momen-
tum space.
Assume the background magnetic field points along the x direction, i.e. B = B0ex,
which means the x direction is the parallel direction.
In the Cartesian Coordinate System of momentum space, the distribution function of
particles of an electron beam (without perpendicular drift speed) in terms of three or-
thogonal components of momentum, i.e., v1, v2, v3, would be expressed into the following
form:
f(v1, v2, v3)dv1dv2dv3 ∝ exp
[
− (v1 − ud‖)
2
2v2th‖
]
· exp
[
− (
√
v22 + v
2
3 − ud⊥)2
2v2th⊥
]
dv1dv2dv3
(A 1)
where vth‖, vth⊥ is the parallel and perpendicular thermal velocities, and ud‖, ud⊥ is the
parallel and perpendicular drift speed of particles, e.g., electrons and ions, separately.
Note that Eq(A 1) is not normalized. In most situations, since vth‖ = vth⊥ = vth (Lee
et al. 2011), equation Eq(A 1) could be rewritten into the following form:
f(v1, v2, v3)dv1dv2dv3 ∝ exp
[
− (v1 − ud‖)
2 + (
√
v22 + v
2
3 − vd⊥)2
2v2th
]
dv1dv2dv3 (A 2)
In momentum space, when ud⊥ = 0, Eq(A 1) (and Eq(A2)) denotes a “Maxwellian”-
pattern beam without perpendicular drift speed; while as ud⊥ > 0, Eq(A 1) described a
“Ring”-pattern beam.
Let v‖ = v1 and v⊥ =
√
v22 + v
2
3 be parallel and perpendicular momentum of particles
separately. Then substitute v1 with v‖, and
√
v22 + v
2
3 with v⊥ in Eq(A 1), it becomes,
f(v‖, v⊥)v⊥dv‖dv⊥dθ ∝ exp
[
− (v‖ − ud‖)
2
2v2th‖
]
dv‖ · exp
[
− (v⊥ − ud⊥)
2
2v2th⊥
]
v⊥dv⊥dθ (A 3)
namely, Eq(A 3) denotes that the particle distribution function is composed of two
independent parts in terms of parallel momentum v‖ and perpendicular momentum v⊥
separately in the Cylindrical Coordinate System of momentum, here rewrite Eq(A 3) in
the following form, i.e.,
f(v‖, v⊥)v⊥dv‖dv⊥dθ ∝ f1(v‖)dv‖ · f2(v⊥)dv⊥dθ (A 4)
where
f1(v‖)dv‖ ∝ exp
[
− (v‖ − ud‖)
2
2v2th‖
]
dv‖ (A 5)
f2(v⊥)dv⊥dθ ∝ v⊥ · exp
[
− (v⊥ − ud⊥)
2
2v2th⊥
]
dv⊥dθ (A 6)
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The first probability density function Eq(A5) is Maxwellian distribution function
of parallel velocity v‖, namely, the particle density distribution function of v‖ obeys
Maxwellian distribution, says
fM (v‖;ud‖, vth‖) =
1√
2piv2th‖
exp
[
− (v‖ − ud‖)
2
2v2th‖
]
(A 7)
and its normalized cumulative distribution function is
FM (v‖ 6 u;ud‖, vth‖) =
1
2
[
1 + erf
(
u− ud‖√
2vth‖
)]
(A 8)
For the second probability density function Eq(A 6), let’s figure out its normalized
cumulative density function firstly. It would be convenient to integrate probability
density function Eq(A 6) in Plane Polar Coordinates of perpendicular momentum v⊥
and azimuthal angle θ, i.e.,
F2(v⊥ 6 v) =
∫ v
0
∫ 2pi
0
f2(v⊥)dv⊥dθ∫ +∞
0
∫ 2pi
0
f2(v⊥)dv⊥dθ
(A 9)
It is very important to point out that the domain of perpendicular momentum v⊥
is v⊥ ∈ [0,+∞) instead of v⊥ ∈ (−∞,+∞). Since f2(v⊥) is azimuthal symmetry, a
constant factor 2pi would be omitted in Eq(A 9), then the more specific form of Eq(A 9)
would be,
F2(v⊥ 6 v;ud⊥, vth⊥) =
1− 1
N⊥
{
v2th⊥exp
[
− (v − ud⊥)
2
2v2th⊥
]
+
√
pi
2
ud⊥vth⊥ · erfc(v − ud⊥√
2vth⊥
)
}
(A 10)
where erf(x) and erfc(x) are error function and complementary error function (see the
definitions in, e.g., Press et al. 2007), and N⊥ is a normalized factor with following
expression, i.e.,
N⊥ = v2th⊥exp
(
− u
2
d⊥
2v2th⊥
)
+
√
pi
2
ud⊥vth⊥
[
1 + erf
(
ud⊥√
2vth⊥
)]
(A 11)
It comes out the probability density function in terms of perpendicular momentum
v⊥ is the derivative of its cumulative distribution function Eq(A9) with respect to v⊥.
According to the fundamental theorem of calculus, which should be
f2(v⊥;ud⊥, vth⊥) =
∂F2(v⊥ 6 v;ud⊥, vth⊥)
∂v
=
1
N⊥
v⊥ · exp
[
− (v⊥ − ud⊥)
2
2v2th⊥
]
(A 12)
since as ud⊥ = 0, function Eq(A 12) becomes the Rayleigh distribution function, which is
a joint distribution function of two independent and normally distributed variables (see
e.g., Siddiqui 1962; Gunst & Webster 1973), i.e.,
f(v⊥; vth⊥, ud⊥ = 0) =
1
v2th⊥
v⊥ · exp
[
− (v⊥ − ud⊥)
2
2v2th⊥
]
(A 13)
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and its normalized cumulative distribution function
F (v⊥ 6 v) = 1− exp
(
− v
2
2v2th⊥
)
(A 14)
so here function Eq(A 12) would be termed as “modified” Rayleigh distribution. For
simplicity without causing confusion, in the following section, the subscript “R” will be
used to denote the “modified" Rayleigh distribution, says,
fR(v⊥;ud⊥, vth⊥) =
1
N⊥
v⊥ · exp
[
− (v⊥ − ud⊥)
2
2v2th⊥
]
(A 15)
and
FR(v⊥ 6 v;ud⊥, vth⊥) =
1− 1
N⊥
{
v2th⊥exp
[
− (v − ud⊥)
2
2v2th⊥
]
+
√
pi
2
ud⊥vth⊥ · erfc(v − ud⊥√
2vth⊥
)
}
(A 16)
Mathematically speaking, the probability density function Eq(A15) of perpendicular
velocity v⊥ neither strictly obeys a Rayleigh distribution (see e.g., Siddiqui 1962) nor
obeys a bivariate chi-squared distribution (see e.g., Gunst & Webster 1973), since the
two orthogonal components of perpendicular velocity, e.g., v⊥1 and v⊥2, are usually not
normally distributed random variables though they are independent,
v⊥ =
√
v2⊥1 + v
2
⊥2 (A 17)
In fact, if and only if (iff) the perpendicular drift speed of beam equals to zero, i.e.,
ud⊥ = 0, the modified Rayleigh distribution Eq(A 15) will become an exact Rayleigh
distribution function.
It should be noted that the “modified” Rayleigh distribution function Eq(A 15) when
ud⊥ > 0 is neither a Rayleigh distribution nor the so-called Bi-Maxwellian distribution,
because though the particle distributions in terms of its two orthogonal components of
perpendicular velocity ud⊥ are independent variables, they are not normally distributed
variables, see subfigure (c) on Fig 17.
In summary, from the view of physics, for electron beam in the phase space of
momentum, when ud⊥ = 0 the modified Rayleigh distribution Eq(A15) (or Rayleigh
distribution function) denotes a “Maxwellian”-pattern beam, while as ud⊥ > 0 Eq(A15)
described a “Ring”-pattern beam.
According to discussions mentioned above, for simplicity and clarity, the normalized
particle number density function of beam will be written into form as following:
f(v‖, v⊥) = fM (v‖;ud‖, vth‖) · fR(v⊥;ud⊥, vth⊥) (A 18)
where
fM (v‖; vth‖, ud‖) =
1√
2piv2th‖
exp
[
−
(
v‖ − ud‖
)2
2v2th‖
]
(A 19)
fR(v⊥; vth⊥, ud⊥) =
1
N⊥
v⊥ · exp
[
− (v⊥ − ud⊥)
2
2v2th⊥
]
(A 20)
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Figure 17. Ring beam distribution in the perpendicular velocity space. (a)electron distribution
on v⊥1 vs. v⊥2 plane; (b) total electron density distribution along v⊥ direction; (c)electron
density distribution along two orthogonal components v⊥1 and v⊥2 separately.
here the subscript “M" and “R” denotes “Maxwellian” and “(modified) Rayleigh” distri-
bution separately.
Its normalized cumulative distribution function becomes
F (v‖ 6 u, v⊥ 6 v) = FM (v‖ 6 u;ud‖, vth‖) · FR(v⊥ 6 v;ud⊥, vth⊥) (A 21)
where
FM (v‖ 6 u;ud‖, vth‖) =
1
2
[
1 + erf
(
u− ud‖√
2vth‖
)]
(A 22)
FR(v⊥ 6 v;ud⊥, vth⊥) =
1− 1
N⊥
{
v2th⊥exp
[
− (v − ud⊥)
2
2v2th⊥
]
+
√
pi
2
ud⊥vth⊥ · erfc(v − ud⊥√
2vth⊥
)
}
(A 23)
When ud⊥ = 0, Eq(A 18) denotes a “Maxwellian”-pattern beam without perpendicular
drift speed; while as ud⊥ > 0, Eq(A 18) describes a “Ring”-pattern beam.
It should also be significant to point out that when ud‖ = 0 and ud⊥ = 0, Eq(A 18) also
could be used to describe the background plasma under Boltzmann-Maxwellian thermal
equilibrium state.
All in all, it is safe to make a conclusion that, according to Eq(A 18), particle distri-
bution function of beam or background plasma in momentum space is a product of a
Maxwellian distribution function Eq(A19) and a modified Rayleigh distribution function
Eq(A 20) of perpendicular momentum.
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Step 1. generate an uniform random number, i.e., U0 ∈ (0, 1) and numerically
figure out the inversion of Maxwellian distribution function within
domain −αvth‖ + ud‖ 6 v 6 αvth‖ + ud‖, i.e.,
v‖ = F
−1
M (U0)
Step 2. generate another uniform random number, i.e., U1 ∈ [0, 1) and
numerically figure out the inversion of modified Rayleigh distribution
within domain max(0,−αvth⊥ + ud⊥) 6 v 6 αvth⊥ + ud⊥, i.e.,
v⊥ = F−1R (U1)
Step 3. generate a third uniform random number, i.e., U2 ∈ [0, 1] and
decompose the perpendicular velocity v⊥ achieved in Step 2 into its
two orthogonal components, i.e.,
v⊥1 = v⊥ cos(2piU2)
v⊥2 = v⊥ sin(2piU2)
Table 3. Pseudocode to generate beam of ring distribution
What’s more, because both FM (v‖ 6 u;ud‖, vth‖) ∈ (0, 1) and FR(v⊥ 6 v;ud⊥, vth⊥) ∈
[0, 1) are monotically increase functions in their domain v‖ ∈ (−∞,+∞) and v⊥ ∈
[0,+∞) separately, thus they offer us perfect tools to numerically figure out the inver-
sions, i.e., F−1M and F
−1
R , taking advantage of computing machine. (See Appendix II the
details to generate “Maxwellian” or “Ring” particles, as well as background plasma under
thermal equilibrium.)
Appendix B. A method to generate Ring beam
In the following section, the details how to generate a three dimension Ring/Maxwellian
beam based on cumulative distribution functions of Maxwellian distribution function of
parallel momentum, i.e., Eq(A 22), and Rayleigh distribution function of perpendicular
momentum, i.e., Eq(A 23), is going to be presented out, see Table 3.
Usually, we choose a factor α = 4.1 ∼ 4.5, in most cases, it is enough to generate
these three components of momentum, i.e., parallel momentum v‖ obeying Normal and
perpendicular momenta v⊥,1, v⊥,2 obeying modified Rayleigh distribution function, by
numerically figuring out the inversion of Maxwellian and Rayleigh distribution functions
according to the method mentioned in Table 3 to form the so-called “ring” configuration
of beam in the momentum space, since nearly almost 999.95% of energy of Maxwellian
distribution and 999.91% of Rayleigh distribution are concentrated within this range,
see Table 4.
This method is numerically equivalent to but physically different from the previous
Box-Muller method mentioned in, e.g., Umeda et al. (2007); Cartwright et al. (2000).
From a mathematical viewpoint, this method (i.e., see Table 3) is based on the “modified"
Rayleigh distribution function for the perpendicular momentum, i.e., Eq(A 20), instead
of Maxwellian distribution function.
Here, a total of 8 cases associated with the “beam” generating method (i.e., see
Table 3) were performed on the MPCDF (Max Planck Computing and Data Facility)
supercomputer “Cobra”. This method is efficient enough to generate electrons of “Ring”
pattern beam. The timecost of each case is listed in Table 5 running on Cobra with 10
nodes and 40 cores per node.
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f(v) µ σ α v F (v) (%)
Maxwellian 0.35 0.025 4.1 0.247 ∼ 0.452 0.02 ∼ 999.980.35 0.25 4.1 −0.675 ∼ 1.375 0.02 ∼ 999.98
Rayleigh 0.35 0.025 4.1 0.247 ∼ 0.452 0.01 ∼ 999.970.35 0.25 4.1 0.000 ∼ 1.375 0.00 ∼ 999.92
* Note that the domain of Maxwellian distribution is v ∈
[−αvth‖ + ud‖, αvth‖ + ud‖], while domain of Rayleigh
distribution is v ∈ [max(0,−αvth⊥ + ud⊥), αvth⊥ + ud⊥]
Table 4. Energy distribution of Normal distribution and Rayleigh distribution
Run Number of partilces Number of cores Timecost (millisecond)electrons of beam total particles
2
1,597,398
3,987,783,596
15× 40
0.35 ∼ 606.98
4 1,860,644,780 0.35 ∼ 625.02
6 1,382,435,756 0.35 ∼ 601.24
8 1,342,554,028 0.35 ∼ 598.34
* These 8 cases are performed on the MPCDF (Max Planck Computing and
Data Facility) supercomputer “Cobra”
Table 5. Time-cost of generating electrons of Ring beam
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